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Penelitian ini bertujuan untuk mediskusikan mengenai solusi dari sistem persamaan interval
atas aljabar supertropical. Aljabar supertropical merupakan semiring komutatif dengan ghost.
Sistem persamaan linear interval pada aljabar supertropical diberikan oleh persamaan matriks
A® x E b dengan 4 = (4, A) adalah matriks interval b = (b, b) adalah vector interval, dan
X = (x,X) merupakan vektor interval yang merupakan solusi dari system persamaan linear
interval. Pada peneletian ini ditunjukkan syarat perlu dan syarat cukup dari solusi sistem
persamaan linear interval serta ditunjukkan bahwa terdapat dua tipe solusi dari sistem
persamaan linear interval atas aljabar supertropical.
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In supertropical algebra, the focus our study is to utilize the principle of supertropical
algebra in order to solve a system of interval equations. Supertropical algebra is a
commutative semiring with ghost. The interval linear equation system in supertropical

algebra is given by a matrix equation A® x & b, In this context, the matrix can be expressed
as an interval matrix denoted by A = (4, A) while the vector b can be represented as b =
(b, B) and is an interval vector, and the interval vector used to solve the solution system is
X = (x,X) . In this study to identify the,necessary and sufficient conditions requirements to

obtain the solution of an interval linear equations and the analysis of the interval linear
equation system utilizing supertropical algebra the presence of two distinct solution types.
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INTRODUCTION

Maxplus algebra is a sub class of tropical algebra, tropical algebra is an idempotent semiring and
semifield (Yuliati, 2016). Many problems in optimization on networks, discrete event dynamic system
are linear in the maxplus algebra, many phenomena are modeled as linear system. The typical
representation of network modelling using the maxplus algebra approach involves a matrix equation
that describes a system of maxplus linear equations AQ x = b where x represents the input, while the
vector b represents the output. Within this algebra, there have been several investigations in the literature
regarding different types of solvability conditions for interval linear systems. One of the problems such
that solving of system of linear equations over maxplus algebra was published in (Kurniawan et al.,
2020). Research by Schutter described the explore several findamental characteristic of maxplus algebra
and demonstrate how these conditions can be employed to analyze the behaviour of maxplus linear
discrete event systems. Additionally Schutter provide an overview of various control methods for these
systems, including model predictive control, and touch upon some expansions of the maxplus algebra
and maxplus linear systems (Komenda et al., 2017). Paper by Akian focuses on the examination of the
system linear of equations over maxplus algebra (Akian et al., 1990). Paper by Lihua Wang presents the
notion of solutions for two sided interval maxplus linear systems, which is a broad encompassing various
known solutions to interval linear system (Wang et al., 2018).

Supertropical algebra is new structure of commutative semiring, that is covers the maxplus
algebra is endowed with ghost surpassing relation (Izhakian & Rowen, 2010b). Recently, the
supertropical algebra have been developed. Research by Izhakian and Rowen (2010), the development
of the theory of supertropical algebra includes the introduction of ghost elements and the factoring of
any polynomial into linear and quadratic factors. The research of Adi Niv also studied the characteristic
polynomials of the tropical similarity matrix and of the polynomial of pseudoinverses (Niv, 2015).
Research on Izhakian and Rowen (2011) create a general theory of supertropical matrix algebra about
the tropical determinant, adjoint matrix, eigen value and eigen vector of matrix over supertropical
algebra(lzhakian & Rowen, 2011a). In Supertropical matrix algebra I1, 1zhakian focus investigation on
the powers of supertropical matrices, with particular emphasis on how the supetropical trace and other
coefficients of the supertropical characteristic polynomial can influence and control the rank of a matrix
power (Izhakian & Rowen, 2011b).

Research by Dian (2016) described the necessary and sufficient conditions solutions of non
homogeneus system of linear equation in supertropical algebra. In this paper, we will to replace elements
of system of maxplus linear equation A® x & b by intervals. A system of linear equations with interval
is provided, which is gives rise to a resulting system. This resulting system consist of maxplus linear
equations with intervals have been studied in (Myskova, 2005). Other solvability concepts of interval
system of maxplus linear equation are have been studied in(Myskova, 2012). On occasion, a system of
linear equation may not have a solution. This paper aims to investigate the solutions interval linear
equations in supertropical algebra and find a resolution for the interval system of maxplus linear
equations. The study will present necessary and sufficient conditions for obtaining the solution of an
interval linear equation system.

METHOD
In this basic concepts about matrices in supertropical algebra related to matrices and system of
linear equations.

2.1 Maxplus Algebra

Definition 2.1.1. The maxplus algebra is defined as the collection of elements R U {¢} and operations
addition and the multiplication that satisfy certain properties, for every a,b € R (Jones, 2021)
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a®b = max{a,b}and a®b =a + b 1)
Where ¢ = —0 and e = 0.

Maxplus algebra is an example of tropical algebra and is written as R,,,,. Let R as the
collection of all elements mxn matrix whose entries belong to R, 4. The operations @ and @ on R4,
can also include the set in Rmx® where Rx1 =
{4 =(4ij)|Aij € Ripgx, i = 1,2,..,mand j = 1,2, ...,n} . The order relation < on RJ:*% that is only
defined on certain pairs of elements withinaset A< B & A;; < B;j,1<i<m,1<j<n forevery
A,B € R

Definition 2.1.2. For A, B € R\2% and « € R we define operation
(A@B)l] = a;j + bU and 0(®Bij = a®bij (2)

Definition 2.1.3. For A € R and B € RP> ™ we define operation
(A®B);j = ®k=1a;®by; (3)
Define 4 € Rqy = {{[x1, %2, -, %0 ]"}%i € Rynax, i = 1,2, ..., n}. It should be noted that can be seen

1
as A € RRX. The elements of R}, are called vectors over R, -

2.2 Supertropical Algebra

A semiring (R,G,,v ) that includes a ghost is defined by the semiring R with (0 =€ =
—oand 1z = e =0,) and an ideal G, with a ghost mapping v : R - G,. The mapping satisfies the
condition that a®a = v(a),Va € R and a” denotes v(a).

Definition 2.2.1. Supertropical algebra can be described as a semiring with ghost (R, G,, v ) that
satisfies additional properties for every a,b € R
1. a®b ={a,b}ifa+b
2. a®b=a" ifa=»b 4)
T = R\G, is tangible elements and G is ghost elements.
The v -order on R is defined as follows
az, b oad’”=b’anda>, b o a’ > b" (5)

Definition 2.2.2. The ghost surpasses relation on R is defined by the following relation = (Izhakian &
Rowen, 2010a)

akEb ifa=b@®g forsomeg € G, (6)
When a = b then a®b € G,

Definition 2.2.3. The definition of partial order relation < on T is as follows (lzhakian, 2019)
1. —o<aqa,Va€eT\—x
2. a<bthena < b?,a” < band a’ < b? for every real numbers
3. a<a?foreverya €R

Definition 2.2.4. For any semiring R we have the semiring M, (R) of n X n matrices for every n € N,
with n # 0 and translated into(lzhakian & Rowen, 2010a)

aj 1 o Qpn
Mn(R) = { ai’j & R]

an.,l an.,n. (7)

Where a;; is an element of A € M (R) row-i and column-j.
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Relation ghost surpasses over matrix is defined by A = B if A = B@®G for some € M,(G,) .
Identity matrix over supertropical algebra is defined by
e, fori=j
[IR]i’j ~ e fori=#j
) ] (8)
Supertropical determinant of matrices A € M,,(R) to be permanent, i.e.,
|A| = Bses, A1 01 - AyOp

9

Let A € Mp(R), minor M;; of an element in a matrix. Cofactor of an elengezn aj; is defined by
Cij= (—1)i+le-,j where M; ; is a minor of a; ; we can define adjoint matrix of A as follows

adj(A) = (cof (A))" where cof;; = M; ;. (10)

Let A € M,(R) is a non singular matrix over supertropical algebra if |A| € T, and is a singular
matrix over supertropical algebra if |A| € G,.

Definition 2.2.5. The set that consist of the closed interval in a in R,,,, is a subset of R,,,,, @ =
(a,a)= {a € ]Rmax|g <a< E} where a,a € R4, are the lower and upper limits of the interval are
referred to as the lower and upper bounds a, respectively . a The interval in R,,,, is called maxplus
interval (Rudhito et al., 2012). Define
IR): ={a=(a@)|aaeRe<ax< Tul{ee}] (12)

In the I(R), define Operation @and ® as
a®b = [a®b,adb| and a®b = [a®b,a®b]| for any a, b € I(R), (12)

I(R), is an idempotent commutative semiring & = [¢, €], 0 = [0, 0] Moreover (I(R),, @,@)is
called interval maxplus algebra and denoted by I(R),qx-

IR = {A|A;j € IRy, fori=12,..,mandj=12,..,n}

The element of I(R)7x% called matrices over interval maxplus algebra. The interval matrix in R,y iS

all aln (@: a—ll) (%J m)
A = : : ] H J i

Am1 - Amp (amllaml) (amn,amn)

Where A;; € Rpgy. Let A= (4;;),A=(4;;) where A, A€ (R then A=(4,A4)=
{4 € (R)X1A < A< AL I(R)ZZZ denotes the set of all m x ninterval matrix in Ryq,. The

operation @ and ® in I(R),,4, can be extended to the matrix operations in 1 (R)7:X% .

Definition 2.2.6 Let A = (4,A) and = (b, b) , the system of linear equations in the maxplus algebra that

involves intervals is represented by A ® x = b , a solution to this system is provided in the form of an
interval vector x = (x, X).

RESULT AND DISCUSSION

The conditions that are both necessary and sufficient conditions for finding a solution to an
interval system of linear equations over supertropical algebra are covered in this section. Interval
system of linear equations A ® x = b will be weakned with relation ghost surpasses AQ x = b.

Proposition 3.1. Let A € M,(R), b € Ty* , and x € R™ System of linear equations A @ x = has a
unique tangible solution if and only if |A| € T and (adj(4) ® b) € Ty".
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Proposition 3.1 provide the solutions for a non homogeneus system of linear equations over

supertropical algebra A @ x = b. Moreover, we will to replace elements of matrix A and vector b by

interval matrix A = (4, A) and interval vector b = (b, b), and interval system of supertropical linear
equation is representby A ® x = b.

Definition 3.1. Interval system of linear equations over supertropical algebra A ® x = b has asolutions
kifAQ k = b where k= (k,k)suchthat AQkEbandA®k = b.

Theorem 3.1. If interval system of linear equations A ® x E b hasasolutions k = (k, k) forA € (4, A)
and k € (k,k) then @ k € (b, D).

Proof. We will proof that A ® k € (b, b).

Hence A <, Athen A® A =max{A, A} = A and A<, A then A@D A = max{4,A} =4
(ABARQk=AQkDARk

AQk=AQkPARQEk

fP=AQkandQ=AQk then=Q D P ,s0Q <, P equivalentwith A ®k <, AR k
(ABDA)Rk=AQkDARK

AQk=AQkDAQk

f S=AQk andP=AQk then=P P S,s0P <, S equivalentwith A @ k <, A Q k
Use the partial relation then

Q<,Px,S

AQk<,AQk<,AQk

Hence k <, k then k @ k = max{k k} = kand k <,, k then k @ k = max{k,k} =k
AQ(k®Kk)=AQkDARK

AQk=AQkDARK

fB=A®k andC=4AQk then=C@H B,s0C <, B equivalentwith A @ k <, AQ k
AQ(k®k)=AQKkBARQK

AQk=AQk®ARQk

fD=AQRk andE=AQk then=E@® D ,s0E <, D equivalentwith A @ k <, A @ k
Use the partial relation then

From the Definition that
AQk =band A® k = b then
b<,AQk<,bs0A® k € (b,b)

Theorem 3.2. Let A € M, (R),A € M,(R), b € TJ" , b € T*and x € R™, X € R™ Interval system of
linear equations over supertropical algebra A ® x = b has a unique tangible solution if and only if
|A| € 7,|A| € T and (adj(4) ® b) € T3, (adj(A) @ b) € Tg* .

Proof. By the definition 3.1 interval systtm A ® x = b has a solutions then system A ® x = b and

A ® X E b respectively has a unique tangible solution, when to use proposition 3.1 obtained
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|Al € 7,A| € 7 and (adj(4) ® b) € T", (adj(4) ® b) € Ty".

From theorem 3.2 given a necessary and sufficient conditions interval system 4 @ x = b has an interval
Al € T and (adj(4) ® b) € T3, (adj(A) ® b) € T
If condition not fulfilled then interval system A @ x = b has an interval infinite number of solutions.

unique tangible solution if and only if |A| € T,

Corollary 3.1. Let A € M,,(R),A € M,(R), b € T* , b € T*and x € R™, X € R™ Interval system of
linear equations over supertropical algebra A ® x £ b has infinitely many solutions if and only if
|A|e7,|A| €T and (adj(4) ® b) & T, (adj(A) ® b) & T3 or |A| € Go # & |A| € Gy # & and
(adj(A) ® b) & T3, (adj(A) ® b) ¢ T3 or |A| € Go # ¢, |A| € Gy # €.

CONCLUSION
The conditions for determining criteria the existence and uniqueness of interval solutions for

system of interval linear equations over supertropical algebra A ®x = b are as follows, the interval
systtm A ® x & b has a unique tangible solution if and only if |A| € T, |A| € T and (adj(4) ® b) €
73", (adj(A) ® b) € Tg* while it has infinitely many solutions if and only if |A| € T, |A| € T and
(adj(A) ® b) & T, (adj(A) ® b) ¢ T or |A| € Go # ¢ |A| € Go.#e and (adj(4A) ® D) ¢
T3, (adj(A) ® b) & Tg* or |A| € Go # &, |A| € Gy # &.
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